This paper presents an implementation of the finite volume method with the aim of studying subendocardial ischaemia during the ST segment. In this implementation, based on hexahedral finite volumes, each quadrilateral sub-face is split into two triangles to improve the accuracy of the numerical integration in complex geometries and when fibre rotation is included.
Introduction
Solving the bidomain [1] equations [2, 3] has become the predominant method of obtaining insight into the electrical activity of the human heart. These solution methods are generally numerical in nature and are based on the finite difference method [4, 5, 6] , the finite element method [7, 8, 9, 10] and the finite volume method [11, 12] . Most of these studies consider propagation of the action potential through various two and three dimensional shapes of healthy cardiac tissue. However, the bidomain equations have also been used to study subendocardial ischaemia during the ST segment [13, 14, 15] . The ST segment being the isoelectric portion of the electrocardiogram between the QRS complex, where the ventricles of the heart depolarise, and the T wave, where the ventricles repolarise [16] . At the cellular level, this interval corresponds to the plateau phase of the action potential [17] where each cell is at the same potential, thus giving rise to the isoelectric status of the tissue.
The modelling of cardiac ischaemia, both subendocardial and transmural, is important in understanding how it relates to coronary heart disease and its predictive value for sudden cardiac death. A recent excellent review [18] highlights many of the benefits and limitations of modelling in this area.
This situation has also been the focus of experimental studies [19, 20] and direct numerical simulation [21] .
Previous studies of the effect of subendocardial ischaemia during the ST segment have been limited to simple geometries [13, 14, 15] . Due to the simple geometries considered, solutions could be obtained using analytical techniques with only minimal augmentation by numerical methods. This is a limitation of these studies, so to consider more realistic geometries, a full numerical method is required.
In this paper, an implementation of the finite volume method is presented with the aim of studying the effect of subendocardial ischaemia during the ST segment. The implementation is based on that described by Penland et. al [11] , but is extended by subdividing quadrilateral control volume sub-faces into triangles to better account for cardiac fibre rotation and to better approximate more complex geometries. The bidomain equations are solved in a steady state situation, reflecting the static behaviour during the ST segment [16] .
The first part of this paper describes in detail the construction of the finite volume method solution of the bidomain equations and highlights the differences from previous implementations. Iterative solution strategies to solve the resulting system of algebraic equations are then discussed. The finite volume method solution is then validated in both slab and cylindrical geometries by comparing with solutions obtained previously [13, 14] . Next, solutions are obtained in an ellipsoidally shaped approximation to the left ventricle, where it is verified that the degree of subendocardial ischaemia does not affect the epicardial potential distribution in an isotropic model. Finally, there is a comparison of the benefits of several iterative solution techniques, including timing and convergence issues.
Methods

The Bidomain Model
The bidomain model [1] for cardiac tissue, or myocardium, provides a continuum approximation for the electrical properties of the tissue based on electrical behaviour at the cellular level. Since the ST segment is assumed to be isoelectric and each cell is in its plateau phase at the same potential, a steady state model can be assumed to govern the intracellular potential, φ i , and the extracellular potential, φ e , in the tissue:
and
where M i and M e are the intracellular (i) and extracellular (e) conductivity tensors, respectively, and I m is the membrane current. The equations (1) and (2) can be obtained from the vector form of Ohm's law [11] . The tensors M i and M e (represented via matrices) reflect the fact that the electrical conductivity of the cardiac tissue is anisotropic, since it is much easier for current to flow along the fibres than across them. In general six conductivities are required to describe the behaviour of the tissue, but here it is assumed that the conductivities in both transverse directions are equal. Hence, only four conductivities are required: intracellular (i) and extracellular (e) conductivities both along the fibres (longitudinal (l)) and across the fibres (transverse (t)). These conductivities are denoted by In the models to be considered here, the myocardium is assumed to be in contact with a blood cavity, which can be considered to be an isotropic extracellular bath. In this region, the blood potential φ b satisfies Laplace's equation
In order to facilitate the numerical treatment of these equations Roth [22] proposed a transformation of the equations in terms of the transmembrane potential φ m = φ i − φ e . Adding equations (1) and (2), with some algebra gives
This equation is known as the bidomain passive current flow equation [23, 17] and is routinely used to model current flow during the ST segment. As will be discussed later, φ m will be assumed to be a known function of position.
Boundary Conditions
Typical boundary conditions for the above equations arise at the tissue-air, tissue-blood and bloodair interfaces. Krassowska and Neu [24] undertook a formal study of the boundary conditions relating to the bidomain equations and have suggested the following. At tissue-air interfaces, no current flux is assumed at the boundary of the intracellular and extracellular domains, that is
and M e ∇φ e · n = 0
where n is the outward pointing normal vector at the boundary. At the blood-air interfaces there is a similar condition
where σ b is the conductivity of the blood. However, at least one node on the blood-air interface must be grounded to achieve a unique solution of the governing equations and provide a reference potential for the system, i.e.,
At the blood-tissue interface the extracellular potential must equal the blood potential. Also, the intracellular current density normal to the boundary must remain in the tissue and the extracellular current density normal to the boundary must flow into the blood. In other words, there must be continuity of potential and current in the extracellular spaces across this boundary. These conditions can be expressed as
where n is the outward normal vector from the tissue.
Conductivity Tensor
The nature of cardiac tissue is such that the cells within the myocardium align themselves in sheets of parallel fibres [25] . As a result of this arrangement, it is easier for current to flow along the fibres than it is across them or between sheets, both in the intracellular and extracellular spaces. For fibres which rotate in three dimensional space, define a local coordinate system with orthogonal basis vectors given in the global coordinate system as a l (along-fibre or longitudinal), a t (cross-fibre or transverse) and a s (cross-sheet) [16] . Further, let the conductivities in the corresponding directions in the intracellular and extracellular spaces be σ l q , σ t q and σ s q (where q = i or e). Then, in the local coordinate system, the conductivity tensor can be expressed as a diagonal matrix
The matrix U defined by U = (a l , a t , a s ), is a 3 × 3 rotation matrix mapping the local fibre direction into the global three dimensional coordinate system. This then leads to expressions for the conductivity tensors M i and M e as
for q = i or e.
It is generally assumed, as will be the case here, that the cross-fibre and cross-sheet conductivities are equal, resulting in the necessity for only four conductivity parameters σ 
Ischaemia Model
To describe the region of ischaemia, consider a local coordinate system, (τ 1 , τ 2 , n) where n is the perpendicular direction leading from the endocardium to the epicardium and τ 1 and τ 2 are two orthogonal directions, mutually orthogonal to n. It will be assumed that the ischaemic tissue occupies a finite region in the τ 1 and τ 2 directions. In the n direction the region is bounded by the endocardium but does not extend to the epicardium (as this would then be full thickness ischaemia). Hence, the ischaemic region can be described as
However, as will be discussed shortly, the region does not necessarily have a sharp boundary, as indicated by the set I. If the presence of a so-called ischaemic boundary is assumed, then there is a smooth transition between ischaemic and normal tissue. In this case, the quantities a τ 1 , a τ 2 and a n represent the centres of the ischaemic boundary.
To specify an analytic representation for the ischaemic region, the product representation for the transmembrane potential distribution
suggested by Tung [2] is employed. Here ∆φ p is the difference in plateau potentials between normal and ischaemic tissue. In any particular direction, t, the shape function, Ψ(t), is defined by
1−e −a t /λ t cosh t/λt 1−e −a t /λ t |t| ≤ a t e −|t|/λ t sinh at/λt 1−e −a t /λ t |t| > a t (16) where t is τ 1 , τ 2 or n. The parameters λ t , (t = τ 1 , τ 2 , n) govern the width of the ischaemic boundary and will be discussed in Section 2.7. Figure 1 shows a plot of the function Ψ(t) with λ t values of 0.01 and 0.1. Note that the smaller the value of λ t , the more rapid the change from ischaemic to normal tissue.
Mesh
In this paper three distinct meshes will be considered. The first two, a slab mesh and a cylindrical mesh, are included as part of the validation process, to compare with previously published models in these geometries [13, 14, 26] . The third mesh is a half-ellipsoid mesh [7, 11] which is used to represent a simplified left ventricle.
The slab model is constructed in a rectilinear (x, y, z) coordinate system. The epicardial surface is the xy (z = 0) plane and the endocardial surface is the z = 1 plane defined over the region
(Note that the z direction in this model is defined in the opposite sense to the n direction defined in the previous section.) A blood mass, in contact with the endocardium, extends to a depth z D in the positive z-direction. There are x N nodes in the x-direction and y N nodes in the y-direction. Across the tissue there are z T nodes in the z-direction and the blood mass consists of z B nodes, also in the z-direction.
As mentioned above there is an ischaemic region within the tissue, covering the region
To account for the high current densities likely to occur across the ischaemic boundaries, nodes are concentrated near these boundaries. Node clustering is achieved using a sinh transformation [27] of the form
where
In this transformation, the parameter b controls the degree of clustering of the nodes. After experimentation it was found that the best choice for b was 0.1. The parameter a specifies the point around which the nodes should be clustered. The transformation given by (17), (18) and (19) For the ellipsoid model of the left ventricle the mesh for the tissue was created in a similar fashion to that for the cylindrical mesh. A circular mesh of radius R was created in the xy-plane with a butterfly mesh. The inner nodes with radius less than R were displaced in the z-direction to fit onto the surface of a half ellipsoid given by
with the nodes of the circle of radius R remaining in the xy plane. The constants a, b and c govern the overall shape of the ellipsoid. Finally, the three dimensional tissue region was created by extruding the above surface mesh, in the direction normal to the surface, a distance equal to the thickness of the tissue. The blood cavity mesh was created by extruding a circular mesh in the xy plane to fit inside the tissue mesh. For this mesh, node clustering was used only in the radial direction through the tissue.
Finite Volume Method
The finite volume method is the solution methodology of choice for this problem as it naturally handles the no flux boundary conditions used in this problem. The formal approach to be followed here closely mimics the formulation presented by Penland et al. [11] with a few modifications.
In contrast to the methods described by Penland et al. [11] , here equations (4) and (3) will be solved on a mesh of unstructured hexahedral elements, constructed as described above, in three spatial dimensions. The meshes consist of a set of n points P = {P 1 , . . . , P n } with a set of m elements
As with all numerical solution procedures, approximations of the solution at the node points are required. Hence, let Φ m and Φ e be vectors whose elements (Φ m ) j and (Φ e ) j , respectively, are the approximations to the solutions φ m and φ e at the node point P j .
The finite volume method requires a set of n boxes (or control volumes) B = {B 1 , . . . , B n }, each surrounding a mesh point. In this study, the boxes will be hexahedral. Let the box B j surround the point P j and have boundary ∂B j . Further, assume that the box B j is constructed as a union of hexahedral sub-boxes B j,k ( Figure 5 ) for k ∈ E(P j ) with boundary ∂B j,k consisting of three quadrilateral faces within each element, E k , where E(P j ) is the set of elements attached to node P j .
Generally, each node P j is surrounded by eight elements (ie |E(P j )| = 8) and hence eight sub-boxes B j,k . Within each element the three boundary faces making up ∂B j,k contribute to the calculation of the flux through the control volume B j,k . Following Penland et al. [11] the face of each sub-box is constructed by connecting the centroids of the element (c) with those of the edges (e) and faces (f ).
The finite volume method is implemented by integrating the governing equations (4) and (3) over each box B j . For the sake of brevity, only the implementation for equation (4) will be discussed.
Integrating equation (4) over the box B j gives
Using the divergence theorem gives
The above flux integrals are evaluated as the sum of flux integrals of each face of ∂B j , hence equation (24) can be written as
The integrals are evaluated numerically in a natural coordinate system (ξ, η, ζ) which is related to the physical (x, y, z) coordinate system via the Jacobian matrix J.
As the original mesh is defined in terms of arbitrary hexahedral elements, a set of eight basis functions which maps into a trilinear "brick" is required (Figure 4 ). Such basis functions are defined by
where ξ i , η i and ζ i are given in Table 1 .
For each volume element E k a quantity φ may be expressed as a linear combination of the basis functions as
where the coefficient φ i for the i th basis function is the corresponding value of φ at vertex i. Similar expressions also hold for the coordinates (x, y, z) within the volume element in terms of the coordinates of the node points (x i , y i , z i ).
The Jacobian J maps the natural coordinate space into the physical space via the relationship
where 
The derivatives in the Jacobian can be found by differentiating the coordinate expressions, viz.
The next step is the computation of the flux integrals
for tensor M and some scalar φ. At this point the approach taken here differs from that taken by
Penland et al. [11] . Penland et al. assumed that the faces ∂B j,k were flat, which is a reasonable assumption for a rectilinear grid and where there is minimal fibre rotation [12] . However, computations performed on the elliptical ventricular mesh showed that some triangular sub-faces of the ∂B j,k had normals which differed in direction up to 30
• . Based on this observation and the fact that complex fibre rotations would be considered, each of the three faces comprising ∂B j,k was decomposed into two triangular sub-faces with normals n 1 and n 2 ( Figure 5 ). Hence the contribution to the flux through the control volume B j from the element E k is calculated by integration over six triangular sub-faces of ∂B j,k .
Assuming that the current density is constant on each face, then
where, for each triangular sub-face l, n l is the outward normal, M l is the conductivity tensor, ∇φ(x l , y l , z l )
is the gradient of the potential and a l is the scalar area. The outward normals and the area can be obtained by taking vector products of the two edges of the triangular sub-faces
where edges d 1 and d 2 are a pair of edges of the original hexahedron based on the centroids of the element, its faces and edges, defining a triangular surface.
Again following Penland et al. [11] , the conductivity for face l is defined by interpolating the conductivity of the element vertices to the centre of each triangular sub-face
where M j is the conductivity at each node of the element and (ξ l , η l , ζ l ) is the coordinate of the centroid of each triangle in the local coordinate system. Finally, the gradient of φ in xyz space is determined from the gradient of φ in the natural coordinate space, via the Jacobian, as
with φ j being the unknown potentials at the nodes. Hence
This expression can be written in a more compact form by defining u k to be a vector of potential values at the nodes φ j of the element E k and N to be the vector of basis functions N j , to give
In turn, this can be simplified further by writing
where the j th component of L is given by
The matrix L is known as the diffusion coupling matrix [11] .
In one sense the equations derived above are standard for the finite volume method. The key difference in the approach taken here is that for a three dimensional problem, the faces of the control volumes are subdivided into triangles. For the particular application of studying the electric potential distribution in cardiac tissue, this allows for more accurate approximation of varying fibre directions and better approximation to the flux integrals in complex geometries.
For each element E k in the mesh for the tissue the governing equation (4) becomes
where L i,k and L e,k are the diffusion coupling matrices on the element E k for the intracellular and extracellular spaces, respectively, and the potential vectors Φ e,k and Φ m,k contain the extracellular and transmembrane potentials at the vertices of element E k . The above system of algebraic equations can be coupled together to form the global system of equations
using prolongation-like matrices [11] . The matrices K i and K e represent approximations to the Laplacian type operators in equations (1) and (2) also taking into account the conductivity tensors M i and M e . It can also be shown that the discretisation of equation (3) yields
where the matrix K b is an approximation to the Laplacian operator in equation 3. The two equations (42) and (43) represent a system of linear equations for the unknown potentials in the extracellular space, Φ e , and the blood cavity, Φ b . Since the transmembrane potential distribution is known, the right hand side of equation (42) can be calculated via matrix-vector multiplication. Further, the system (42) and (43) can be combined into one system of equations of the form
As mentioned above, the finite volume method naturally handles the Neumann type boundary conditions in an implicit fashion. This formulation also handles the continuity of potential and current at the blood-tissue interface in a natural way. To account for Dirichlet type boundary conditions at specified nodes, a row reduction method is used whereby these nodes are removed from the list of unknowns and the right hand side vector b adjusted accordingly.
Iterative Solution
The overall matrix version of the governing equations (44) (44) is to apply a preconditioner to the coefficient matrix A and then solve the preconditioned system with the fgmr routine from ITSOL3.0. The fgmr routine is solved iteratively until a predefined tolerance is reached. The system of equations can be solved without preconditioning, but using a preconditioner reduces the solution time. On the other hand, using a preconditioner increases the memory usage of the solution process. Hence, solving the system of equations is a trade-off between memory usage and time taken for solution.
Results
To validate the solution method discussed above, comparisons will be made with previously published analytical models of subendocardial ischaemia. Unless otherwise stated, the bidomain conductivities are those given by Clerc [28] : σ 
Slab Model
For the slab model, results from the finite volume method code will be compared with those obtained from an analytical solution published previously [13, 14] . Consider a 16cm × 16cm × 1cm block of cardiac tissue with a 4cm × 4cm region of subendocardial ischaemia located at the centre of the block.
The region of ischaemia occupies 50% of the thickness (z direction) of the tissue. It was found that 61 nodes were required in each of the x and y directions to achieve smooth contours on the epicardial surface, especially in the region of the high potential gradients above the ischaemic boundary. This is demonstrated in Figure 6 , which shows the heart surface (z = 0) electric potential contours for 31, 41, 51 and 61 nodes, respectively, in each of the x and y directions.
In the analytical model, the tissue was attached to a blood mass which extended to infinity in the positive z direction. Here the blood mass extends to a depth of 25cm below the region of subendocardial ischaemia and is meshed with 51 node points with increasing internodal distance as the depth increases. This number of nodes and depth of blood mass was found to be sufficient so that the epicardial potential distribution was unaffected by the position of the boundary. 
Cylindrical Model
For this model, numerical results will be compared to the analytical results obtained using Fourier transforms and Fourier series [26] . Consider a 16cm long annular cylinder of cardiac tissue of inner radius 2cm and outer radius 3cm with the inner core filled with blood. The ischaemic region was 4cm long in the z-direction and covered the region − 
Simplified Ventricular Model
The shortcomings of the analytical models are that they only work for simple geometries (for examples, slabs, cylinders, spheres). They do not work for a general arbitrary geometry, although an analytical solution could be obtained using an ellipsoidal coordinate system in the geometry of this simplified left ventricle. In the interests of future more general applications, the finite volume method will be applied to the elliptical geometry of this ventricular model.
As mentioned above, the simplified ventricle is a half ellipsoid represented by the parametric equations [7] x = a(r) cos θ cos φ wall. Figure 9 shows an example of the mesh for the simplified ventricular model with 10 nodes along the side of the inner square and six nodes through the tissue. Note the clustering of the nodes in the radial direction through the tissue. Figure 10 shows the epicardial surface potential distribution for the ventricular model displayed as a polar plot. The apex of the ventricle is placed at the origin and the region of ischaemia is located on both sides of the positive x-axis (assumed to be horizontal and pointing to the right, away from the origin). The left hand map has no fibre rotation and in the right hand plot the fibres rotate through 120
• as described above. The plots show that again there is a high potential gradient over the boundary of the ischaemic region, but due to the overall geometry of the ventricle, the gradient appears only over the boundary at θ = 70
• . With fibre rotation included, the overall potentials are much larger and the potential gradient is a lot steeper. It is interesting to note that the region of ST depression in this model does not identify the region of subendocardial ischaemia as clearly as it does in the slab and cylindrical models. This is consistent with experimental studies [20] .
It has been predicted analytically [15] that for isotropic tissue the degree of subendocardial ischaemia does not affect the epicardial potential distribution. This was also demonstrated in modelling studies on the slab [13] and cylindrical [14] geometries. Figure 11 shows epicardial potential distributions for 10%, 40%, 70% and 90% subendocardial ischaemia and there is no significant difference between the potential distributions. This confirms the original observation based on an analytical treatment of the slab geometry.
Timings for the Iterative Solvers
As discussed above, the system of algebraic equations arising from the finite volume method was solved using the FGMRES iterative method [30] . For this method three different preconditioners were used: ILUK, ILUT and ILUC. Each preconditioner behaved differently with each geometry considered. For each preconditioner and FGMRES solution, the maximum number of iterations was set at 600, the Krylov subspace dimension set at 60 and the convergence tolerance for the change in size of the final to initial residuals was set at 10 −14 . It was found that tolerances of the order of 10
did not give consistent epicardial potential distributions, hence a very strict tolerance was chosen. The size of each model is as indicated above and there was 120
• fibre rotation in each case.
With each preconditioner, the level of fill, lf il, governs a trade off between memory usage and computation time. The optimal solution (in the sense of least computation time) for each preconditioner and each geometry is given in Table 2 . All computations were performed on a Mac Powerbook G4 with 1Gb of RAM.
For ILUK, all the lf il values are small ( Table 2 
Discussion and Conclusion
This paper has presented an implementation of the finite volume method to solve the bidomain equations governing electric potential in cardiac tissue. The numerical model is tested and validated in three geometries representing the ventricular wall with subendocardial ischaemia.
The approach taken here varies slightly from previous implementations [11, 12] in that the computational domain is meshed in hexahedrons with each face of the hexahedral control volume broken down into sets of triangles. This idea allows for more accurate integration in the finite volume method and better accounts for complicated geometries and fibre rotation.
The numerical method has been validated by comparisons with previously published analytical solutions [13, 14, 26] in terms of epicardial potential distributions. The numerical solutions show good agreement with the analytical ones when fibre rotation is ignored. Also, the semi-ellipsoidal model of the left ventricle shows that for isotropic tissue the degree of ischaemia does not affect the epicardial potential distribution, as noted in simple geometries [15] .
Computation times for solving the system of algebraic equations arising from the finite volume method discretisation were also studied in detail. It was found that different preconditioners behaved differently depending on the geometry considered. This behaviour is put down to the slightly different structures of the coefficient matrix obtained for each geometry. For the slab geometry, the ILUT preconditioner is recommended, but for the cylindrical and ellipsoidal geometries, the ILUC preconditioner is recommended. It is still a matter of trial and error to obtain optimal lf il values depending on the computer architecture and size of the problem.
One clear advantage of the approach presented here is that it can handle arbitrary geometries.
However, another advantage is that it would be possible to calculate the surface Laplacian [31, 32] in a straight forward manner. The point c is the centroid of the volume element, the points f represent centroids of the three relevant faces of the element and the points e represent the centroids of the relevant edges of the element. 
